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$N=\{0.1,2\ldots.\},$ $\overline{N}=NUt\infty\}$ $(\Omega, \mathcal{F}, P)$ $\{\mathcal{F}_{n}, n\in N\}$
$\mathcal{F}=\mathcal{F}\infty=\sigma$( $\cup$n $\mathcal{F}$ $\{\mathcal{F}_{\eta}, n\in N\}$ $t$ : $\Omegaarrow N$
$C$ , $t$ : $\Omegaarrow\overline{N}$ $\overline{C}$
2 $\{Z(n), n\in N\}$ $\{\mathcal{F}_{n},$ $n\in$
$N\}$-
$E[ \sup_{n\in N}Z(n)]<\infty$




$\{Z(n), n\in\overline{N}\}$ $\{\mathcal{F}_{n}, n\in N\}$ - $Z( \infty)\equiv\lim\sup_{narrow\infty}Z(n)$
$E[ \sup_{n\in N}Z(n)]<\infty$
$\{I\cdot f^{r}(n), n\in\overline{N}\}$ $\{\mathcal{F}_{n}, n\in N\}$- $W( \infty)\equiv\lim\inf_{narrow\infty}W(n)$
. $K>0$ $n\in N$ $W(n)\geq KP-a.e.$. $t\in\overline{C}$ $E[W(t)]<\infty$





$1\equiv\{(n\iota., \prime\iota);\eta l.$ $<\eta, \gamma\iota, n\in N\},$ $J\equiv I\cup\{(m, \infty):m\in N\}U\{(\infty, \infty)\}$ $\{\mathcal{F}_{m},$ $n\iota\in$
$N\},$ $\{\mathcal{F}_{m,n}, (n\iota, rt)\in I\}$ : $\leq n\iota.$ $<n\leq\ell$
$\mathcal{F}_{k}\subseteq \mathcal{F}_{m}\subseteq \mathcal{F}_{m,n}\subseteq \mathcal{F}_{m,P}$
$J$ $\mathcal{F}_{\infty}=\sigma(\bigcup_{n}\mathcal{F}_{n}),$ $\mathcal{F}_{7n,\infty}=\sigma(\bigcup_{n}\mathcal{F}_{m,n}),$ $\mathcal{F}_{\infty,\infty}=\sigma(\bigcup_{m}\mathcal{F}_{m,\infty})$
$\mathcal{F}_{\infty}=\mathcal{F}_{m\infty}=\mathcal{F}_{\infty\infty}=\mathcal{F}$
$\{\mathcal{F}_{m,n}, (7\}, \eta’)\in I\}$ 2- $(s, t)$ :. $s<t<\infty$ $P$-ae.. $\{s=m\}\in \mathcal{F}_{m}$. $m,$ $n(m<n)$ $\{s=\gamma n, t=n\}\in \mathcal{F}_{m,n}$
2- $(s, t)$ :. $s<\infty$ $s<t\leq\infty$ $s=\infty$ $t=\infty$. $nz$ $\{s=m\}\in \mathcal{F}_{m}$. $rn,$ $n(m<n)$ $\{s=m, t=n\}\in \mathcal{F}_{m,n}$
2- $T,$ $2$- $\overline{T}$ $\{Z(m, n), (m, n)\in I\}$ $\{\mathcal{F}_{m,n},$ $(r\prime 1, n)\in$
$I\}$ -
$E[ \sup_{n\in N}E[\sup_{(m,n)\in I}Z(m, n)|\mathcal{F}_{n}]]<\infty$
$\{W(m, n), (m, n)\in I\}$ $\{\mathcal{F}_{m,n}, (m, n)\in I\}$ -. $K>0$ $(m, n)\in I$ $W(m, n)\geq K$ $P-a.e.$




$\{Z(m, n), (nz, n)\in J\}$ $\{\mathcal{F}_{m,n}, (m, n)\in I\}$ - $m\in N$
$Z(m, \infty)\equiv\lim_{narrow}\sup_{\infty}Z(m, n) , Z(\infty, \infty)\equiv\lim_{marrow}\sup_{\infty}Z(m, \infty)$ ,
$E[ \sup E[$ snp $Z(m, n)|\mathcal{F}_{n}]]<\infty$
$n\in N \langle m,n)\in I$
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$\{W(7?l., n), (m., n)\in I\}$ $\{\mathcal{F}_{1r\iota.n}, (\uparrow n, n)\in I\}$ - $rl\in N$
$IV(rn, \infty)\equiv 1i\iota n\inf_{narrow\infty}W(m, n) , lV(\infty, \infty)\equiv\lim_{marrow}\inf_{\infty}W(m, \infty)$ ,





Proposition 2.1 ([8, 10, 17]) $\lambda\geq 0$





Theorem 3.1 (1) $(\hat{\lambda}, \{U(n), n\in\overline{N}\})$ :
$\hat{\lambda}\geq 0,$




$t^{*} \equiv\inf\{n\in N|U(n)=Z(n)-\hat{\lambda}I1/(n)\}, inf\emptyset=\infty,$
$\frac{E[Z(t^{*})]}{E[\ddagger l^{\gamma}(t^{*})]}=\hat{\lambda}.$
$(P_{2})$ $(X(n), \mathcal{F}_{n}, P_{x})$ $(E, \mathcal{B})$





. $K>0$ $:li\in E$ $G(x)\geq K$. $x\in E$ $E_{x}[snp_{n}G(X(7l))]<\infty$
$F(X( \infty))\equiv\lim_{S11}p_{narrow\infty}F(X(rl)),$ $G(X( \infty))\equiv\lim\inf_{narrow\infty}G(X(n))$ .
Theorem 3.2 $\lambda\geq 0$ $S(\lambda, x)\equiv S11p_{t\in\overline{C}}E_{x}[F(X(t))-\lambda G(X(t))]$
(1) $S(\hat{\lambda}(x), x)=0$ $\hat{\lambda}$ : $Earrow R$
(2) $t_{x}^{*}$
$t_{x}^{s} \equiv\inf\{n\in N|S(\hat{\lambda}(x), X(7\iota))=F(X(n))-\hat{\lambda}(x)G(X(n))\}, inf\emptyset=\infty, x\in E,$
$\hat{\lambda}(x)=\frac{E_{x}[F(X(t_{x}^{*}))]}{E_{x}[G(X(t_{x}^{*}))]}=su\frac{E_{x}[F(X(t))]}{E_{x}[G(X(t))]}t\in^{\frac{p}{c}}.$
4(A) $\epsilon$-
Theorem 4.1 (1) $(\hat{\lambda}, \{U(n), n\in N\})$
$\hat{\lambda}>0,$






$t^{*} \equiv\inf\{n\in N|U(n)=Z(n)-\hat{\lambda}W(n)\}<\infty P-a.e.,$
$\frac{E[Z(t^{*})]}{E[W(t^{*})]}=\hat{\lambda}.$
Theorem 4.2 $\epsilon>0$ $(\hat{\lambda}, \{U(n), n\in N\})$ 4. 1(1)
$\epsilon$ - $t_{\epsilon}^{*}$ :
$t_{\epsilon}^{*} \equiv\inf\{n\in N|Z(n)-\hat{\lambda}W(n)\geq U(n)_{\vee}-CK\}<\infty P-a.e..$
$\frac{E[Z(t_{\epsilon}^{*})]}{E[W(t_{\epsilon}^{*})]}\geq\sup_{t\in C}\frac{E[Z(t)]}{E[W(t)]}-\epsilon=\hat{\lambda}-\vee\tau.$
5 $(P_{4})$
Theorem 5.1 (1) $(\hat{\lambda}, \{X(n?., n), (m, n)\in J\}, \{Y(m), m\in\overline{N}\})$
:
$\hat{\lambda}\geq 0,$
$X(m, n)= ess\sup_{(m,t)\in\overline{T}}, t\geq nE[Z(m, t)-\hat{\lambda}\dagger V(m, t)|\mathcal{F}_{m,n}], (m, n)\in I,$
$X(m)=E[X(m, m+1)|\mathcal{F}_{m}], m\in N.$
$Y(m)= ess\sup_{s\in\overline{C},s\geq m}E[X(s)|\mathcal{F}_{m}], m\in N,$
$E|Y(0)]=0.$
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$X(r/ \iota, \infty)\equiv 1inl\sup_{narrow\infty}X(n|7?),$ $X( \infty, \infty)\equiv\lim\sup_{marrow\infty}X(\uparrow\prime|, \infty)_{:}$
$X( \infty)\equiv 1in1\sup_{marrow\infty}X(\uparrow’\}\iota), Y(\infty)\equiv 1inlsnp_{7narrow\infty}Y(m)$ .
$(^{\iota}2)$ $(s, t^{4})$ :
$s’ \equiv\inf\{rn. \in N|X(m)=Y(m)\}, inf\emptyset=\infty,$
$t.$ $\equiv\{\begin{array}{l}\inf\{n(>m)|X(m., n)=Z(l, 7t)-\hat{\lambda}\ovalbox{\tt\small REJECT}\phi’(m, 7\iota)\} on \{s^{l}=m\} (i_{11}f\emptyset=\infty) ,\infty on \{s^{*}=\infty\},\end{array}$
$\frac{E[Z(s^{*}t^{*})]}{E[W(s^{*}’,t)]}=\hat{\lambda}.$
6 $(P_{3})$ $\epsilon$
Theorem 6.1 (1) $(\hat{\lambda}, \{X(m, n), (m, n)\in I\}, \{Y(m), m\in N\})$
:
$\hat{\lambda}\geq 0,$
$X(m, n)= ess\sup_{(m,t)\in T}, t\geq nE[Z(7tl, t)-\hat{\lambda}W(n\iota,, t)|\mathcal{F}_{m,n}], (m, n)\in I,$
$X(7ll.)=E[X(m, m+1)|\mathcal{F}_{m}], m\in N,$
$Y(m)=asssnp_{s\in C,s\underline{>}m}E[X(s)|\mathcal{F}_{m}], m\in N,$
$E[Y(0)]=0.$
(2) :
$(m, n)\in I$ $P(Z(m, n)>0)>0,$
$\lim_{narrow}\inf_{\infty}W(m, n)=\infty, m\in N,$
$\lim_{marrow}\inf_{\infty}\inf_{n\in N}W(m, n)=\infty.$
$(s^{\phi}, t^{*})$ :
$s^{*} \equiv\inf\{m\in N|X(m.)=Y(m)\}<\infty P-a.e.,$
$t^{*} \equiv\inf\{n(>m)|X(m, n)=Z(m, n)-\hat{\lambda}W(m, n)\}<\infty P-a.e$ . $on$ $\{s^{*}=m\},$
$\frac{E[Z(s^{*},t^{*})]}{E[W(s^{*},t^{*})]}=\hat{\lambda}>0.$
Theorem 6.2 $\sigma>0$ $(\hat{\lambda}, \{X(m,n), (n?., n)\in I\}, \{Y(m), m\in N\})$ 6. 1(1)
$=$ - $(s_{\epsilon}^{*}, t_{\epsilon}^{*})$ :
$s_{\epsilon}^{*} \equiv\inf\{m\in N|X(m)\geq Y(m)-\frac{\epsilon K}{2}\}<\inftyP-a.e..$
$t_{\epsilon}^{*} \equiv\inf\{n\in N|Z(m, n)-\hat{\lambda}W(m, n)\geq X(n?, n)-\frac{\vee\sigma K}{2}\}<\infty P-a.e.,$
$\frac{E[Z(s_{\epsilon}^{*},t_{\epsilon}^{*})]}{E[W(s_{\epsilon}^{*},t_{\epsilon}^{*})]}\geq_{(s,t)\in T}snp\frac{E[Z(s,t)]}{E[W(s,t)]}-\epsilon=\hat{\lambda}-\epsilon.$
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